We propose the study of some kind of monopole equations directly associated with a contact structure. Through a rudimentary analysis about the solutions, we show that a closed contact 3-manifold with positive Tanaka-Webster curvature and vanishing torsion must be either not symplectically semifillable or having torsion Euler class of the contact structure.
Statement of results
In this paper we propose some kind of monopole equations directly associated to a contact structure. By studying the solutions of these equations, we can draw a conclusion about the underlying contact structure.
Given an oriented contact structure ξ on a closed (compact without boundary) 3-manifold M, we can talk about spin c -structures on ξ or ξ ⋆ . (see §2 for the definition)
Furthermore, associated to an oriented pseudohermitian structure, we have the socalled canonical spin c -structure c ξ . With respect to c ξ , we consider the equations (3.9) for our "monopole" Φ coupled to the "gauge field" A. Here A, the spin cconnection, is required to be compatible with the pseudohermitian connection on M.
The Dirac operator D ξ relative to A is identified with a certain boundary∂-operator √ 2(∂ On the other hand, there are notions of symplectic fillability and symplectic semifillability in the study of contact structures due to Eliashberg. (e.g., [ET] , [Kro] ) A contact 3-manifold (M, ξ) is symplectically fillable if ξ is positive (i.e. θ∧dθ > 0 for any contact form θ) with respect to the induced orientation on M as the boundary of the canonically oriented symplectic 4-manifold (X, Ω) and Ω| ξ =0. If M consists of a union of components of such a boundary, then it is symplectically semifillable.
Let e(ξ) denote the Euler class of the contact bundle ξ. We say the equations (3.11) have nontrivial solutions if α and β are not identically zero simultaneously. Our first step to understand the equations (3.11) is the following result.
Theorem A. Suppose there is an oriented pseudohermitian structure with vanishing torsion on a closed 3-manifold M with an oriented contact structure ξ. Also suppose ξ is symplectically semifillable, and e(ξ) is not a torsion class. Then the equations (3.11) (for the canonical spin c -structure c ξ ) have nontrivial solutions.
We remark that our M in Theorem A must be a Seifert fibre space with even first
Betti number by an argument of Weinstein. ( [CH] ) The idea of proving Theorem A goes as follows. The contact structure ξ being symplectically semifillable implies that its Euler class e(ξ) is a so-called monopole class in Kronheimer's terminology. (see Corollary 5.7 in [Kro] ) That is to say, e(ξ) arises as the first Chern class of a usual (i.e. on T M or T ⋆ M) spin c -structure for which the usual Seiberg-Witten equations admit a solution for every choice of Riemannian metric on M. By choosing a suitable family of Riemannian metrics adapted to our pseudohermitian structure, we prove that the associated solutions admit a subsequence converging to a nontrivial solution of our equations (3.11). (see §4 for details)
On the other hand, associated to an oriented pseudohermitian structure on a contact manifold is the notion of the so-called Tanaka-Webster curvature W. ( [Tan] , [Web] , [CL] , see also §5) The Weitzenbock-type formula tells a nonexistence result: (see §3 for details) Theorem B. Let (M, ξ) be a closed 3-manifold with an oriented contact structure ξ. Suppose there is an oriented pseudohermitian structure on (M, ξ) with W > 0.
Then the equations (3.11) have no nontrivial solutions with The solution we find for Theorem A actually satisfies the condition (1.1). Therefore by Theorems A and B, we can conclude Corollary C. Let (M, ξ) be a closed 3-manifold with an oriented contact structure ξ. Suppose there is an oriented pseudohermitian structure on (M, ξ) with vanishing torsion and W > 0. Then either ξ is not symplectically semifillable or e(ξ) is a torsion class.
We remark that Rumin ([Rum] ) proved that M must be a rational homology sphere under the conditions in Corollary C by a different method. On the other hand we feel that we haven't made use of the full power of equations (3.11). Also note that Eliashberg gives a complete list of classes in H 2 (L(p, 1), Z), which can be realized as
Euler classes of fillable contact structures on the lens spaces L(p, 1). ([Eli])
During the preparation of this paper we noticed that Nicolaescu had a similar consideration of the so-called adiabatic limit as in our proof of Theorem A. ( [Nic] ) But our viewpoint is sufficiently different from his. Also we noticed that Kronheimer and Mrowka ([KM] , [Kro] ) had studied contact structures on 3-manifolds via 4-dimensional monopole invariants introduced by Seiberg and Witten. ([Wit] )
Since our Dirac operator D ξ (also da(e 1 , e 2 )) is not elliptic (not even subelliptic) from our knowledge about∂ b -operator, we do not know how to deal with the solution space of (3.11) in general.
Let e 1 , e 2 be a positively oriented orthonormal basis of ξ ⋆ . Denote ε = e 2 e 1 . Then ε 2 = −1 and thus Γ(ε) has eigenvalues ±i. Let W ± = {Φ ∈ W : Γ(ε)Φ = ±iΦ}.
Then W = W + ⊕W − , and dim C W ± = 1. Note that Γ(v) maps W ± to W ∓ , and every spin c -connection ∇ on W preserves subbundles W + and W − respectively.
Next we'll define a canonical spin c -structure and connection associated to an oriented pseudohermitian structure (J, θ) on our contact manifold (M, ξ). Let Λ 0,1 ξ ⋆ be the bundle of complex 1-forms of type (0, 1). (a typical element is θ1 = e 1 − ie 2 ) Let C(= Λ 0,0 ) denote the trivial complex line bundle. Consider
with the natural Hermitian structure induced by h. Define Γ can : ξ ⋆ →End(W can ) by
where {e 1 , e 2 } in ξ is a dual basis of {e 1 , e 2 }, and ι denotes the interior product. The above definition is independent of the choice of bases. It is a direct verification that
We know that the pseudohermitian connection preserves the subspaces Λ For simplicity, we use Γ, ∇ instead of Γ can , ∇ can , respectively. We compute by (2.5), (2.4)
For τ being a smooth section of Λ 0,1 ξ ⋆ , we compute
Similarly we can verify (2.2) for w = e 2 .
Q.E.D.
Furthermore, the map given by
Now choose E = W + . (note that W + is a Hermitian line bundle) It follows that
Also it is easy to verify that Γ≃Γ can ⊗id.
We remark that if M is a homology sphere, then there exists one and only one spin c -structure on ξ ⋆ (or ξ), which is the canonical one.
Let C 2 (ξ ⋆ ) denote the subspace of C(ξ ⋆ ) (the real Clifford algebra of ξ ⋆ ), consisting of elements of degree 2.
Then there exists a 1-form α with value in C 2 (ξ ⋆ )⊕iR so that
The proof of Proposition 2.3 is similar to the usual case for spin c -structures on the tangent bundle. We include a proof for the reference. 
On the other hand, A(v) is skew-Hermitian since ∇ 1 and ∇ 2 are Hermitian. It follows that
For the second part of the Proposition, we define an End(ξ ⋆ )-valued 1-form a by the formula (2.6). Then ∇ + Γ(α) is a spin c -connection on W , compatible with ∇ + a on ξ ⋆ .
Q.E.D.
Corollary 2.4 Suppose ∇ 1 , ∇ 2 are compatible with the pseudohermitian connection. Then they differ by an imaginary valued 1-form.
Note that in this case, the a in the above proof vanishes.
The Weitzenbock formula and the equations
Given a spin c -structure (W, Γ) on the dual contact bundle ξ ⋆ and a spin c -connection ∇ on W , compatible with the pseudohermitian connection on ξ ⋆ . We define the associated Dirac operator D ξ by
for Φ being a section of W and {e j , j = 1, 2} being the dual of an orthonormal basis
Let e 0 or T denote the vector field characterized by θ(T ) = 1 and L T θ = 0. Define the divergence div(v) of a vector field v with respect to the pseudohermitian
(note that e 0 = θ, <, > is the pairing, and the definition is independent of the choice
Now we compute
It is easy to show from the structural equations of pseudohermitian geometry that
Using this, we can rewrite (3.3) as follows:
where
is the curvature operator in the directions
For (W, Γ) = (W can , Γ can ), we can have more precise description with respect to {1,
θ1}, a basis of W can . Write Φ as a colume vector with respect to this basis:
By (2.4),(2.5), we can write Γ = Γ can as matrices:
The canonical spin c -connection ∇ can has the connection form: 0 0 0 iω where ω is the pseudohermitian connection form: ∇ ψ.h. e 1 = ωe 2 as in the proof of Proposition 2.1. So by Corollary 2.4, our spin c -connection ∇ (compatible with ∇ ψ.h. ) equals
where a is a real-valued 1-form. Let Z 1 = 1 2 (e 1 − ie 2 ). A direct computation shows
(covariant derivative without upper index "a" is with respect to the pseudohermitian connection)
Observe that dω(e 1 , e 2 ) = −2W where W denotes the Tanaka-Webster curvature. ( [CL] , [Tan] , [Web] , or (5.4) in §5) We compute
Taking the Hermitian inner product with Φ in (3.4) and using (3.6), we obtain
Define π ξ from 2-forms to functions by π ξ (η) = η(e 1 , e 2 ), i.e. projecting η onto its e 1 ∧e 2 -component. It is easy to see (tr means trace)
Now we can define our "monopole" equations for (A, Φ) as follows:
in which <, > h denotes the Hermitian inner product induced by h on W can . Recall that on a CR or pseudohermitian manifold, we have∂ b -operator mapping Λ p,q to Λ p,q+1 . Also with respect to the connection ∇ = ∇ can + ia, we have the associated
θ1 has length 1 with respect to <, > h ) Now by (3.5) it is clear that
Therefore in terms of (a, α, β = β1
by (3.10), (3.5), and (3.8).
Proof of Theorem B: Substituting (3.11) and (1.1) in (3.7) gives
Now the theorem follows from (3.12).
Proof of Theorem A
We define an almost complex structureJ on M×R, the "symplectification" of the contact manifold (M, ξ) as follows:J = J on ξ,J(e 3 ) = e 0 ,J(e 0 ) = −e 3 . Here e 3 = ∂/∂t, t being the coordinate of R, and recall that e 0 is just the vector field T . (see §3 or §5) Let g = (dt) 2 + h where h is the adapted metric. ( §5) Let {e j , j = 0, 1, 2, 3}
be the dual basis of the orthonormal basis {e j , j = 0, 1, 2, 3} with respect to the metric g. (recall that e j in ξ and e j in ξ ⋆ for j = 1, 2 are defined in §2. Of course we have viewed ξ ⋆ as a subset of T ⋆ (M×R))J also acts on cotangent vectors by (Jv)(w) = v(Jw) as usual. Associated toJ, we have a canonical spin c -structure on (M×R, g). The differential forms of type (0, ⋆) constitute the spinors. The Clifford multiplication is defined by
(cf. [Sal] , for instance) Here w # denotes the corresponding tangent vector of the cotangent vector w with respect to g, and w ′′ = w + iJw. We often writeΦ instead of Ξ(Φ).Now we can define ρ :
In matrix form with respect to the or-
Now it is clear that ρ defines a Clifford multiplication. And from the above construction There is a canonical spin c -connection∇ So e 0 ǫ = ǫe 0 , e 1 , e 2 , (and e 3 , resp.) form an orthonormal coframe for h ǫ (g ǫ , resp.)
Now with e 0 ǫ , g ǫ , h ǫ replacing e 0 , g, h resp., we can go through the above procedure A 11 = A11 (h 11 = 1) denotes the pseudohermitian torsion with respect to (J, θ).
Proof: Let us review how to obtain ǫ∇can from the Levi-Civita connection ∇ N ǫ (x, y) ), and ι in the last term is just the usual interior product (of forms).
(1) follows from (4.1) easily. To compute ǫ ∇ can Φ 1 , we need to know ǫ∇can (θ1∧θ2 ǫ ). 
by (5.6) and (5.7) for the metric h ǫ . Note that e .7), we can show that
It follows that
Similarly using ω 1 0 + iω 2 0 = iθ 1 + A 11 θ1 (the complex version of (5.7)) for h ǫ , we can easily obtain
, it follows from the above two formulas that
for v in T M. Replacing θ1 by θ2 ǫ in the previous computation, we obtain
On the other hand, it is easy to see that .7) by (4.2). Let∇ gǫ denote the sum of ∇ gǫ and 1 2 ι(J ǫ ∇ gǫJ ǫ ). Now we can compute
by (4.3),(4.4),(4.5),(4.6), and (4.7).
Next we'll deal with the Dirac operator D Aǫ associated to the canonical spin cconnection ǫ ∇ can . Here A ǫ denotes the connection form with respect to the basis {Φ 0 , Φ 1 }:
The Clifford multiplication ρ ǫ of η = de 0 = 2e 1 ∧e 2 can be easily computed:
Let ⋆ ǫ denote the Hodge star-operator with respect to the metric h ǫ . Since 
Note that d ⋆ǫ = ⋆ ǫ d⋆ ǫ on 2-forms (changes sign on 1-forms). So for η = de 0 = 2e 1 ∧e 2 , we have
Now we can compute D Aǫ Φ 0 as follows:
(by (4.9), P rop.4.1(1), and (4.8))
= −4iǫΦ 0 + 2iD Aǫ Φ 0 (by (4.10) and dη = 0).
Therefore we obtain
Before computing D Aǫ Φ for a general section Φ we need two more preparatory formulas. Let α be a scalar function. It follows easily from (4.9) that
Also a direct computation shows
) Under the condition A 11 = 0, ǫ ∇ can Φ 0 = 0 by Proposition 4.1(1). We compute, under this condition,
(by (4.11), (4.13) and ⋆ ǫ θ1 = iθ1∧e
It is known that any two spin c -connections compatible with the Levi-Civita connection differ by an imaginary valued 1-form. (e.g. [Sal] ) So we can assume a general spin c -connection (on W can ) compatible with ∇ hǫ has the connection form A ǫ + iaI (with respect to the basis {Φ 0 , Φ 1 }) with a being a real valued 1-form and I being a 2×2 identity matrix. Now we compute
Next we'll express the second one of Seiberg-Witten monopole equations in a workable form. Let b = 
with respect to the orthonormal basis {Φ 0 , Φ 1 }. On the other hand, the trace free part of the endomorphism Φ⊗Φ
with respect to the orthonormal basis {Φ 0 , Φ 1 }. (β 1 =(β1)) From (4.16), (4.17) the equation
⋆ } is equivalent to the following system:
Before analyzing the behavior of solutions for the Seiberg-Witten monopole equations (4.14), (4.18) as ǫ→0, we need one more result which relates the scalar curvature R hǫ of the metric h ǫ to the Tanaka-Webster curvature W of the background pseudohermitian structure (J, θ).
Proof: We use the notation in [CH] . Consider a new coframeω 3 = ǫ 2 ω 3 ,ω 1 = ǫω 1 ,ω 2 = ǫω 2 . The corresponding connection forms in the structural equations for
(note that ω 3 , ω 1 , ω 2 are just e 0 , e 1 , e 2 in our paper, respectively)
To satisfy (36) in [CH] , the L ij 's transform as below: (here we have used dψ 3 = 4Wω 1 ∧ω 2 and note that ψ 3 is just −ω in our notation) Now we can compute the scalar curvature of the metric ǫ 2 h ǫ :
(by (4.19) and
Our result follows from the above formula and the dilation relation:
PROOF OF THEOREM A:
According to Corollary 5.7 and the proof of Proposition 4.3 in [Kro] , the contact structure ξ being symplectically semifillable implies that the Euler class e(ξ) is a monopole class for the restriction to M of the canonical spin c -structure of "bounded" symplectic 4-manifold. The (W can , ρ ǫ ) provides such a spin c -structure. (note that they are isomorphic to each other for different ǫ's and the first Chern class of W can is just e(ξ)) So for the given metric h ǫ , we have a solution (Φ = Φ ǫ , a = a ǫ ) of (4.14) and (4.18). Recall that Φ = αΦ 0 + β1Φ 1 , and we sometimes write α ǫ ,β ǭ 1 instead of α,β1 to indicate the ǫ-dependence.
Now an application of the Weitzenbock formula for the Seiberg-Witten equations ( [Kro] or [Sal] ) gives the following estimate: Φ≡0 or, under the assumption A 11 = 0, On the other hand we write (4.14) in a matrix form as follows:
Taking the square L 2 -norm of both sides of (4.22) and noting that ∇
where < ·, · > denotes the L 2 -inner product induced by the metric h and {∇
Proof: A direct computation shows
Using the commutation relations: α ,01 −α ,10 = A11α ,1 and β1 ,01 −β1 ,10 = β1 ,1 A 11 + β1A 11,1 ([Le2]), we can compute
Here a 0 = a(T ), a 1 = a(Z 1 ), a1 = a(Z1). By (4.15) and (5.3) we can easily obtain 
where β 1 is the complex conjugate of β1. It follows that
Substituting this in (4.27), we obtain
Let∇ T ,∇ Ξ denote the following operators:
It is easy to see that∇ =∇ T +∇ Ξ is an elliptic operator. (independent of ǫ) So we can compute
in which C 1 , C 2 are constants independent of ǫ, and we can use the covariant derivative ∇ h to define the Sobolev norm L 2 1 . By (4.29) Φ = Φ ǫ (indicating the ǫ-dependence) converges strongly in L 2 for some sequence ǫ j tending to 0. Moreover, applying the first inequality of (4.29) to Φ ǫ j − Φ ǫ k and using (4.28) for ǫ j , ǫ k to show ∇ Φ ǫ j L 2 and ∇ Φ ǫ k L 2 are small as ǫ j , ǫ k are small enough, we conclude that Φ ǫ j is Cauchy in L We'll show the C ∞ -smoothness ofâ andΦ by the usual bootstrap argument. First
Given a pseudohermitian structure (J, θ), we can choose a complex vector field Z 1 , an eigenvector of J with eigenvalue i, and a complex 1-form θ 1 such that {θ, θ 1 , θ1}
is dual to {T, Z 1 , Z1}. (θ1 =(θ 1 ),Z1 =(Z 1 )) It follows that dθ = ih 11 θ 1 ∧θ1 for some nonzero real function h 11 . If both J and θ are oriented, then h 11 is positive. In this case we call such a pseudohermitian structure (J, θ) oriented, and we can choose a Z 1 (hence θ 1 ) such that h 11 = 1. That is to say dθ = iθ 1 ∧θ1. where W is the Tanaka-Webster curvature. Write ω 1 1 = iω for some real 1-form ω by the second condition of (5.2). This ω is just the one used in previous sections. Write
(e 1 − ie 2 ) for real vectors e 1 , e 2 . Now the real version of (5.3) reads:
dω(e 1 , e 2 ) = −2W. (5.4) Let e 1 = Re(θ 1 ), e 2 = Im(θ 1 ). Then {e 0 = θ, e 1 , e 2 } is dual to {e 0 = T, e 1 , e 2 }.
The oriented pseudohermitian structure (J, θ) induces a Riemannian structure h on ξ:
h(u, v) = 1 2 dθ(u, Jv). The adapted metric of (J, θ) is the Riemannian metric on T M defined by θ 2 + h = (e 0 ) 2 + (e 1 ) 2 + (e 2 ) 2 , still denoted h. The Riemannian connection forms ω i j are uniquely determined by the following equations: 
